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Turbulent Combustion Data Analysis Using Fractals

Warren C. Strahle*
Georgia Institute of Technology, Atlanta, Georgia 30332

This paper investigates several types of data analysis, based upon fractal geometry concepts, using time series
generated in turbulent combustion research. The techniques are quite general and may be used for other turbulent
flows. Investigated are the generalized fractal dimension, multifractal probability density function, fractal filtration,
multifractal spectrum, and fractal interpolation and its possible connection with chaotic dynamics. It is concluded
that several of the techniques are useful for 1) new visual depiction of the data, 2) discrimination of portions of data
traces as noise-contaminated, 3) separation of wanted and unwanted high- or low-frequency events, and 4)
interpolation between sparse data points in either short run time or low data acquisition rate situations.

Introduction

IME series or instantaneous space distributions obtained

from turbulent combustion data analysis are rich in com-
plexity. There are simply more physical phenomena occurring
in such flowfields than in those of constant-density, fixed-
composition fields as in incompressible turbulence. Since frac-
tal geometry has found its uses in describing field quantities in
constant density turbulence, such as in Refs. 1-3, it is reason-
able that it should find even greater use in the description of
turbulent reacting flows.

Fractal geometry has, in fact, found initial introduction
into analysis of turbulent premixed combustion* and. turbu-
lent diffusion flames.® Several workers (too numerous to cite
here and not particularly relevant to the points that are to be
made in this paper) have used the calculation of fractal
- dimension in their descriptions of experimental results. As a
descriptor of the “wiggliness” of some picture, the fractal
dimension (to be quantified in more detail later) has become
a common quantity to present, in addition to other detail
such as spectra and probability density functions (pdf).

Turbulence is a chaotic motion of a fluid for which fractal
geometry becomes a natural tool of analysis. In fact, the trend
is toward analysis of turbulence as not quite so chaotic
(random) as previously thought, but with more determinism
in analysis. This has led the author toward application of
fractal geometry to time series analysis and filter applications
in Refs. 7 and 8. Those works were preliminary in nature and
will be expanded upon in this paper.

This paper is concerned with several techniques of fractal
geometry application to time series analysis. Turbulent com-
bustion is the vehicle used for generation of the time series,
simply because of the author’s interests, but the techniques
are general. Many of the techniques are contained in an
excellent new book® on the subject (see the Acknowledg-
ments) and are also drawn from the literature, but some are
original to the work here. Specifically, the issues that will be
addressed in this paper consist of the following: 1) the gener-
alized dimension, 2) the usual fractal (or capacity or similar-
ity) dimension, 3) the multifractal pdf, 4) signal filtration, 5)
the multifractal spectrum, 6) fractal interpolation as a data
augmentor, and 7) a possible connection to chaotic dynamics
that may explain why some of the techniques work. The
subject of hidden wvariable fractal interpolation will be
touched upon briefly.
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Data Sets

Four sets of data are used for analysis: three real and one

contrived. Shown in Fig. 1 are these time series, two taken
from a turbulent premixed flame, one from a subsonic ramjet
combustor simulator, and the last generated by a random
number generator. The apparatus used for the first two, the
Rayleigh scattering trace and the hot film anemometer trace,
is described in Ref. 8. The apparatus used for the Raman
scattering trace is described in Ref. 10. The last trace is a train
of rectangular pulses with random arrival times with the tops
and bottoms contaminated with high-frequency noise of a
uniformly distributed pdf with a peak to peak of 10% of the
mean peak amplitude.
" The most important point concerning these data sets is that
the neighboring points of Figs. 1a, 1b, and 1d are close
enough to be correlated with one another, whereas the data
points on Fig. 1c (the Raman trace) are not. The time series
of Fig. 1c was taken by a pulsed laser with a repetition time
of 0.2's, which was far too long for a significant correlation
between data points (the correlation coefficient between
points was 0.017 for 1024 points used in the calculation). For
viewability Fig. 1 has all data points connected by straight
lines. The actual points were from digitized data.

The data presented are “wiggly.” They are chaotic with
broadband power spectra and pdf that are smooth and broad
(except for the rectangular pulse train, which has two near-
delta functions at the upper and lower mean positions).
Actually, the pdf values for both the Rayleigh scattering trace
and the rectangular pulse train show bimodal properties
reminiscent of, say, a temperature trace that would be seen in
a premixed flame of Bray-Moss-Libby (BML) structure.!!
The Raman trace shows near-Gaussian structure as does the
hot film trace, more closely resembling a pdf in cold flow
turbulence. This information is only presented for the curious
reader. From now on, only the fractal geometry of the traces
and the uses of fractal geometry in data treatment are of
interest.

Although it is also irrelevant for the main purposes of this
paper, the interested reader may wish to know the sampling
rate of the data in Figs. la-1d. Figure 1a was obtained at
100,000 data points per second; Fig 1b was sampled at 30,000
per second; Fig. lc, because of a pulsed laser, was gained at
5 per second; and Fig. 1d was contrived, with the “hash” at
the first peak using 1/50 of the distance between the first two
peaks and the same “time” separation for all hash on all
peaks and troughs thereafter.

The lines on the piece of paper of Fig. 1 have topological
dimension /of unity, i.e., y(f) with y the ordinate and ¢ the
abscissa is a one-dimensional graph. If one filled in the entire
graph with ink to make a black area, the topological dimen-
sion would be two, an area. The entire idea of what follows is
that the traces are so “wiggly” that they do not have a real
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Fig. 1 Four data traces used for analysis: a) measurement from a hot
film measurement in a relatively cold portion of a turbulent premixed
flame; b) Rayleigh scattering measurement in the hot portion of the
same flame; ¢) Raman spectroscopy measurement in a turbulent diffu-
sion flame in a wind tunnel; and d) contrived waveform using a random
number generator.

dimension of unity, but that their apparent dimension lies
between one and two.

Analysis

Generalized Dimension

Consider a digitized time series with N + 1 points with each
time point labeled ¢, with i =0, 1, 2,..., N. To each ; there
corresponds a value of the ordinate y;. This is shown by
example in Fig. 2a. Consider also that the entire graph is
covered by boxes of width and height ¢ (although not neces-
sary, one may presume that both coordinates have maximum
amplitude unity by appropriate normalization). Now throw
away all boxes not containing one or more data points. This
now yields a total of M < N boxes containing data. Each box
may be labeled by an integer m, as shown in Fig. 2a, and the
number of data points in each mth box is M,,. One may
define a probability p,, that the mth box contains a poin
Pm =M, /M. The generalized dimension is then defined by"

D = log(Z,, p3,)
=0 (¢ —1) log(e)

=

M
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In practice a finite data record is available; hence, the limit
N - o cannot be taken. Moreover, it is clear the ¢ 50 is
meaningless in practice since below some limit each of the m
boxes would contain only one point and the numerator of Eq.
(1) would no longer change with a change in &. However, if
the derivative of the numerator with respect to log(e) is taken,
there results

(g — DD, =d log(Z p,)/d log(e)

That is, a straight line with slope (g — 1)D, should result on
a log-log plot if the generalized dimension exists over a range
of &.

What often results in turbulent combustion time series is
that, over a range of &, termed the inner and outer cutoffs, a
straight line does occur. This is schematically depicted in Fig.
2b for ¢ =0. This very important g value yields D, and is
denoted the fractal, capacity, or similarity dimension. For
g =0, p%, is unity, and the sum in the numerator of Eq. (1) is
merely the number of covering boxes, M. In practice, in order
to avoid voids between boxes, the data points may be con-
nected by straight lines, and the now continuous curve is
covered by boxes that always touch each other. This only
works for D,, however.

An alternative computational procedure, which has been
found to yield answers very close to a box counting proce-
dure, is to first pick an ¢ along the time axis. Second, search
the data string between ¢; and ¢, + ¢, finding the maximum
and minimum y values in this interval. Approximately (usu-
ally very close), the number of boxes, n;(g), in this interval is

ni(s) = (ymax - ymin)/e
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Fig. 2 Curve a illustrates the box counting procedure for calculating
probabilities needed for the generalized dimension. Curve b shows a
schematic of an expected result for the dimension of order zero (fractal
dimension).
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and the total number of boxes is obtained by summing over
all ¢ intervals. The error at each i is a fraction of unity in the
integer number of boxes that would be exactly calculated.

There are several other definitions and ways of computing
dimensions, as may be found, for example, in Ref. 13. For
some of the calculations the error bounds have been estimated
in Ref. 14. However, in this paper only the methods described
earlier have been used.

Fractal Dimension and the Multifractal pdf

The fractal dimension of the curves in Figs. 1a and 1b has
previously been reported.® The fractal dimension of the curves
in Figs. 1c and 1d have been computed by the method given
earlier, and the results are compiled here:

=1.58 (Fig. 1a)
D,=1.55 (Fig. 1b)
D,=1.70 (Fig. lc)
Dy=145 (Fig. 1d)

These dimensions reveal the space-filling nature of the curves.
Although the first and second traces look quite different and
represent different physical phenomena, the blackening of a
piece of paper is about the same. The fourth curve is not as
space-filling as the first three. The Raman curve, containing
mostly uncorrelated points, has a high fractal dimension,
suggesting the obvious. Presentation of a single number such
as the fractal dimension is not particularly revealing, just as
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presentation of simply the turbulence intensity leaves out a lot
of detail. Most research workers might be more interested in
the pdf of turbulence velocities; analogously, the computation
of the pdf of fractal dimensions turns out to be very revealing.
This pdf will be called the multifractal pdf and measures the
distribution of local fractal dimensions. This calculation is
described in Ref. 8, but the method is repeated here.

What one is trying to do is to calculate the local slope of
log(boxes) with respect to log(e). First, calculate n;(g) from ¢
to t; +&. Do it again from ¢, +¢ to t; + 2¢. Start again, but
choose an interval of 2¢, and carry out the calculation from ¢,
to t; + 2¢. Call the first two n;, n, and n, and the last one n,.
The local fractal dimension is

Dy joca1 = [l0g(n3) — log(n, + n)]/log(2)

Then construct a pdf of these local results from the total time
series. Results of this calculation from 4096 points of the
Rayleigh scattering trace are shown in Fig. 3 for various
values of &. At low values of ¢ the pdf bunches about unity,
whereas at high values of ¢ the pdf gathers about two. But in
an intermediate range of ¢ the pdf is quite stable; it is in this
range that the curve has fractal-like behavior with a fractal
dimension, on average, of about 1.55.

A quite different picture is presented in Fig. 4 for the
Raman scattering trace with an average fractal dimension of
about 1.7. This occurs because neighboring points on the
Raman scattering trace are uncorrelated with one another.
The original time series is largely a space-filling curve.
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Fig. 3 Multifractal pdf of the Rayleigh trace for various values of the box size. A comparison curve is given at the bottom for a given box size

for the hot film trace.
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Fig. 4 Multifractal pdf for the Raman trace.
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Fig. 5 Two segments of the Rayleigh time series showing radically
different local fractal dimensions.

Aside from giving a new pictorial representation of the
complexity of the time series, there is a technological use for
the local fractal dimension. A local calculation of this dimen-
sion is shown for the short segment of the Rayleigh scattering
trace in Fig. 5. Notice that in regions of large moves in the
time series (the spikes in the trace) the fractal dimension is
low, whereas in the noisy parts of the trace (the troughs) the
fractal dimension is large. If one were to take a Fourier
spectrum of this time series, both the spikes and the noise in
the troughs would contribute to the high-frequency portion of
the spectrum. However, the local fractal dimension distin-
guishes between the two types of events. It is known from the
physics of the situation that the spikes are real, wanted events
(they are cold spots in the turbulent flame), whereas the noise
in the troughs is shot noise from the photomultiplier and is
unwanted contamination of the data. Therefore, a natural
conclusion is that the local fractal dimension may be used as
‘an indicator for signal filtration between different types of
high-frequency events.

Fractal Filtration

A common technique for filtering out noise from a time
series, in addition to analog filtration of the original signal, is
to use some form of digital filtration.!*> But such filtration is
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not discriminatory with different types of high- (or low-)
frequency events. Monitoring of the local fractal dimension
provides such discrimination, as has been presented in Ref. 7.

The use of a discriminator along with a linear digital filter
creates a nonlinear filter. Any digital filter may be used, but
here a simple first-order lag recursive filter will be used as a
demonstration. Consider that the trace, chosen here as Fig.
1d, is to be filtered by

Visitered = 0V (8) + (1 — 0)¥; _ 1 fiterca

where the filter parameter is chosen by the user. Using
o =0.05 this filter is applied to Fig. 1d, and the results are
shown in Fig. 6a. A well-known problem results in that,
although it is true that the noise has been removed from the
peaks and troughs, the vertical character of the rectangular
transitions is lost. Moreover, the narrow trough is completely
lost, and in general there is a phase lag introduced with this
filter. The filter has shown no discrimination between two
types of high-frequency events.

Now consider that 32 points to the left of ¢, and 32 points
to the right are used to compute the'local fractal dimension.
The following formula (x linear in Dy) is then applied to pick
a local value of the filter parameter a:

o =(Dy—145) » 1.73+0.05, Dy2 145
o= (Dy—1) x0.111, Dy, <1.45
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Fig. 6 Three types of digital filtration applied to the trace of Fig. 1d:
a) using a first-order lag recursive filter; b) using a fractal filter as a
discriminant to the use of filter (a); and c) using a median filter.
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This allows no filtration if Dy =1 and a no-pass condition if
D, = 2. The results are shown in Fig. 6b. It is seen that both
the sharp moves are retained, there are no phase lags intro-
duced, and the noise on the peaks and troughs is largely
removed.

There are other nonlinear filters designed to cope with the
rapid changes of the large moves, e.g., the median filter.'® If
one goes to a given number of points both before and after
the central point of issue (in this case 5) and chooses the
median value of the y obtained as the filtered point, one can
catch the large stepwise moves, as shown in Fig. 6¢c. However,
the median filter does not do as well as the adaptive fractal
filter in removing the noise in the tops and troughs.

In the examples given the points chosen for both nonlinear
filters were chosen equidistant from the central point of
interest. This presumes postprocessing of data. If this is to be
done in real time, only data points before the one of interest
can be used for processing. This will delay the onset of
recognition of a coming low (or high) fractal dimension event
(or, in the case of the median filter, a large step). In the case
of the fractal filter this would allow some “hash” to appear
right after the large step change. As with any filter, the
practitioner must adjust the filter parameters and the number
of data points used in the discrimination process to achieve
the best results. At this time, it is reiterated that the fractal
discrimination can be used with any digital filter, and this is
also at the choice of the practitioner.

Although there appear several uses for the use of fractal
analysis in filtration, perhaps also in the cleaning up of images
produced by fractal image compression,'” it currently appears
that it is most useful in discrimination between wanted and
unwanted high-frequency events. It has been employed for
precisely this problem for the Rayleigh trace of Fig. 1b in Ref.
7, which bears a strong resemblance to the model trace of Fig.
1b in frequency characteristics. Further work is warranted to
find applications for such an adaptive filter.

Multifractal Spectrum

Just as the multifractal pdf gives information about the
distribution of D, along a time series, this development was
preceded by a concept of the multifractal spectrum by Halsey
et al.'® This has been applied to the analysis of the dissipation
field in incompressible turbulence in Ref. 3. The basic idea is
that along a time series there is a distribution of scaling laws
whereby the p,, of Eq. (1) behave as p,, oc e and that the «
behave with a probability distribution proportional to & /-
The function f then acts as a fractal dimension corresponding
to a value a found along the time series. Insofar as the author
can see, this is a postulate to be tested for real-time series. It
is stated in Ref. 18 that it is hoped “to encourage experiments
along these lines.” In any event, the technique has been
explored for the traces of Figs. 1a and 1b to test the utility of
the method.

For a full development of the theory the reader is referred
to Ref. 18. However, f(«) and o are related to the generalized
dimension g, introduced earlier. If one can compute D, from
Eq. (1), the following two formulas allow construction of the
f(®) vs a curve:

D, = {qalg) —fl@}fig —1) %)

d
a=@[(q —bD,] BN ¢)

However, in the author’s view there are two critical assump-
tions made in the derivation. First, it is assumed in a method
of steepest descent that ga — fis “sufficiently” small, whereas
the probability distribution for « contains no “holes” (null
values). Second, it is assumed that f is everywhere concave
when viewed from low a. No such presumptions are made in
the multifractal pdf introduced earlier. It is a consequence of
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the theory that the maximum of the f-a curve gives f,., = Dy,
so that there will nowhere appear a local fractal dimension
greater than D,

It will be noted that the computation of Eq. (1) must
proceed by calculation of probabilities, and none of the
approximations used in calculation of D, will work. For ¢ <0
small p, will yield large contributions to the sum, and,
moreover, small numbers of points in a box yield a great
statistical uncertainty in the calculation of p,,. That is, on
rarefied portions of the time series are made the largest
contributions to the generalized dimension for negative ¢. The
opposite is true for positive g. These facts pose a computa-
tional difficulty for a single-valued digitized data time series as
¢ is varied. It matters not whether the data are digitized at
fixed time intervals or at random time intervals (if the ran-
domness is not tied to the physics of interest). There will come
a point for negative g at small enough ¢ that the data cannot
be believed. Finally, at small enough &, p,, will be zero, which
will not work for ¢ £0.

An opposite problem occurs for large positive g. The
dominant contribution to D, for positive g is on regions of
the curve densely populated by points. This causes problems
at large ¢, where an increase in ¢ by a factor of 2, say, tends
to increase p,, by a factor of four for a given box because the
whole graph is dense. On the other hand, at low & the best
answers are obtained because only a few boxes are densely
populated and contribute to the sum of Eq. (1). Conse-
quently, one has to look for the generalized dimension at high
negative g at relatively high ¢ and for high positive ¢ at
relatively low &. The D, is still obtained from straight lines on
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Fig. 7 Computations required for calculation of the generalized dimen-
sion of order ¢. Chi is the probability sum of Eq. (1). The straight lines
are drawn in the regions of highest confidence for dimension determina-

__ tion for the various ¢. The solid curved lines show the asymptotic values

obtained for negative and zero g if boxes are omitted when no points are
found in a box located between the lower and upper bounds of y for a
given ¢, and z. The data points to the left of the “point insertion” arrow
indicate the results for negative ¢ when points are added to a null box
by taking points from another box.
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Fig. 8 The multifractal spectrum f- curve for the hot film and
Rayleigh data.
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a log-log plot. This is illustrated in Fig. 7 for 16,384 points of
the Rayleigh trace of Fig. 1b (where only 4096 points are
shown). Clearly, some judgment must be applied.

This analysis has also been applied to the data of Fig. 1a.
Applying Egs. (2) and (3) to the obtained D, values, the f-a
plots of Fig. 8 result. For both curves, within experimental
error, the maxima indeed correspond to D,. The intercepts
with the « axis would correspond to D, on the left and D_
on the right. That is, in both rarefied and compact regions of
the time series, the implication is that the fractal dimension is
zero. This is counter to the revelations given earlier by the
multifractal pdf. Moreover, there is no real structural differ-
ence in the two f-o curves to give an indication of a visual
difference between the two data traces. This is believed to
arise because of some of the aforementioned assumptions
concerning the derivation of the method. Although the Ray-
leigh trace seems to be richer in high o content, this may be an
artifact of some numerical error [note that a numerical
derivative must be taken in Eq. (3)]. Finally, for a real fractal
on a two-dimensional piece of paper (a Hendén map or a
Poincaré section of a multidimensional motion, for example),
the separation between points in both vertical and horizontal
directions has a connection with the real fractal properties of
the figure. In the case of a time series digitized at fixed time
intervals or at intervals not connected with the physics, the
lateral spacing has nothing to do with the fractal-like proper-
ties of the figure. Consequently, the « scaling is distorted in
one of the dimensions.

The conclusion of the author is that, although the multifrac-
tal spectrum may give some insight into true fractals (recall
here that the time series are only fractal-like between an upper
and a lower time scale), there is little to be gained with this
analysis in turbulent combustion data series. Moreover, the
computation involved is time-consuming. It is acknowledged
that this conclusion may be somewhat controversial.

Fractal Interpolation

A serious question concerning statistical accuracy arises in
many experiments that provide a sparse number of data
points in a time series. This situation may arise, for example,
because of expense or hazard in long run times or a slow
repetition rate of, say, a pulsed laser. Two problems are
involved: 1) the problem of obtaining correlation of neighbor-
ing points and 2) the problem of obtaining a reliable, statisti-
cally accurate pdf. Addressing the second point first, the
following question is asked: Is it possible to augment the
obtained data by an appropriate interpolation scheme, which
retains physics and yields more accurate pdf information so
that moments of the pdf can be believed?

Typically in turbulence one is interested in no more than a
fourth moment of a pdf. But even at the second moment
(variance or covariance), much less at a fourth moment
(kurtosis or fourth-order correlation), tails on the pdf, near-
zero value of the probability, statistical uncertainty is large
and noise may be dominant. However, at high moments,
these tails contribute significantly to the answer. It would be
nice if a method of at least decreasing the statistical uncer-
tainty were available by increasing the number of available
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Fig. 9 Schematic of fractal reconstruction of data, given sparsely
separated data points.
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Fig. 10 Description of how the fractal interpolation scheme works and

the strategy used to determine the unknown coefficients in the affine
maps.

data points near these tails. Fortunately, there does appear a
method, based upon fractal geometry, to accomplish this
goal.

Consider the situation of Fig. 9 where certain data points
are known, but they are too sparsely separated to clearly
define the true experimental curve. If it is known that the
curve is fractal-like over some range of time scales, it appears
that an interpolation between points by a fractal would be
superior to, for example, connecting the data points by
straight lines. Fortunately, there is now a technique that
allows a rational interpolation by fractals that, by the way,
contains a straight-line interpolation as a special case (it is
known as the “condensation set” of the fractal).!>*

There are many ways to implement the procedure, and the
one to be presented is only one way. It was the method found
by the author on the first try, but other methods may be
invented by other workers. The strategy is shown in Fig. 10.
Given a time series, divide it up into N (even) intervals, the
interval number being denoted by n. To each endpoint of the
interval there is a data point (that assumes equidistant time
spacing of data points) through which it is demanded that the
fractal curve fit will pass. At the midpoint of each interval
there is also assumed a data point through which the curve
will pass, but these points are called “target points.” The
target points will determine some parameters of the fitting
procedure.

Assume, for the moment, that the algorithm in Egs. (4) will
converge to a line on a piece of paper that passes through all
data points. Say that one is in interval n, and a random
number generator has picked a new n with uniform probabil-
ity over the interval 0 — N. Associated with the old 7 is y,q
and t,4; @ new y and new ¢ are generated by the following
affine (linear) relation:

thew = ta— 1 F (& = b, 1 tora — 1) /(tn — 1) (4a)
ynew=bn(told—t0) +Cn(yold_y0) +yn—1 (4b)
with '

by =[Vn— V1= Ci(yny — ¥l [(xx — X0)
The N values of the constants C, are free parameters that are
to be chosen. Provided'®* £,|C,|>1 and for all n |C,| <1
(the transformation, or map, is contractive), the procedure
will generate a continuous (but not necessarily differentiable),
unique fractal curve passing through all y,.t, points, where
these have been chosen as data points at the interval end-
points. This procedure still does not guarantee passage
through the target points; a choice of the C, is required to do
this.

The ¢ transformation of Eqgs. (4) takes an old ¢ and moves
it to interval n the same fraction of distance from the left
endpoint of interval » to the right point of interval »n as ¢t was
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from n =0 to n = N. Consequently, if the central data point
is designated as special, as it is in Fig. 10, it will always map
to the central point of any chosen interval n. Then choose the
C, so that the y map of Egs. (4) always maps y,,, into each
target point for each n. One then has a fractal curve (called an
“attractor” of the map), that hits all data points. The fractal
dimension of the curve may be estimated by the implicit
formula'®

Z'Cnl(tn—tn—l)Do_l=l (5)

n

Under this procedure the formula for the determination of C,
is

PR Pt 6% 3 Y

= 6
BTt €2 1)) ©

If the map is contractive, the fractal dimension may then be
determined by Eq. (5). A problem is that the C may not all
have magnitude less than unity with this procedure. They will
if the y values of the endpoints » =0 and n =N are high
(low) enough while the midpoint at » = N/2 is low (high)
enough so that the denominator of Eq. (6) has a magnitude
that is sufficiently high. This requires careful selection of the
data trace by the practitioner, and the data may be sufficiently
sparse that this freedom is not available.

The aforementioned procedure has been applied to the data
trace of Fig. 1b. First, 4096 data points were decimated to 512
data points, because good definition of the curve still resulted.
More precisely, even with this decimation, neighboring points
are highly correlated. This 512-point trace was then taken as
the data trace “standard” against which all approximations
are to be tested. Shown in Table 1 on the first line are the
various statistical moments of this actual trace. In this case p
is the autocorrelation coefficient at zero time delay, which is
obviously unity. In other cases to be investigated p is the
cross-correlation coefficient at zero time delay of the approxi-
mate curve against the standard, exact curve. The nearness to
unity is a measure of the accuracy of the data fit. The
nearness of the various statistical moments of the approxima-
tions compared with those of the exact curve are of more
engineering use. That is, although it would be nice to hit the
standard curve exactly, there are reasons why this cannot be
expected, but the useful information (the moments) can be
reproduced.

The results of Table 1 are rather remarkable. If one only
had one-fourth of the real data, all of the statistical moments
are badly estimated by direct computation. The estimates
become even worse through two further decimations by a
factor of two. The fractal fit for 128 data points is shown in
the upper curve of Fig. 11. The fractal dimension computed
by Eq. (5) is 1.45, close to the dimension calculated from
many more points. From Table 1 it is seen that a remarkable
improvement in the moments is achieved, compared with the
raw truncated data. Also shown in Table 1 is the resuilt
obtained using a straight-line fit between each of the 128 data
points (this may be generated from the condensation set by

Table 1 Fractal analysis of Rayleigh data

No. of points ¢2x107% s/6'5 kje® p

TURBULENT COMBUSTION DATA ANALYSIS USING FRACTALS

Full data 512 2.74 184 952 1.

Truncated data 128 3.31 266 153 —
Fractal fit 128 2.78 1.81 9.54 96
Straight line 128 2.35 1.99 115 93
Truncated data 64 6.15 324 154 —
Fractal fit 64 3.18 2.16 104 92
Truncated data 32 6.15 323 154 —
Fractal fit 32 3.38 1.90 189 71
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Fig. 11 Fractal interpolation results from the Rayleigh data decimated
by a factor of four. The lower curve shows a magnified sector of the
upper curve, illustrating the self-affine nature of the transformations.
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Fig. 12 Autocorrelation function of the Rayleigh data.

setting all C equal to zero or by direct straight-line fit). The
straight-line method is highly inferior to the fractal fit. There
is improvement of the statistical moments with the fractal fit
at all decimations, compared with the truncated data, but the
comparison with the exact moments becomes worse as the
decimation increases.

The worth of the method depends highly on p. Unless p can
be kept in the high 0.9 values, highly accurate results will not
be obtained, although some improvement can still be gained
by fractal fitting—if neighboring data points have some corre-
lation with each other. The same procedure does not work with
the Raman data of Fig. 1c precisely, as mentioned earlier,
because adjacent data points are not correlated with each
other. For the original data of Fig. 1b the autocorrelation
coefficient, shown in Fig. 12, goes through the first zero
crossing at a data point separation of 140 points, and there is
a statistically significant correlation to about three times that
value. For the 512-point data, therefore, the first zero crossing
would take place at about 45 points and for the first trunca-
tion of Table 1 at about 11 points. Even for the 32-point data
the zero crossing would take 3 points, with significant correla-
tion out to 9 points.

The interpolation fractal produced is a self-affine curve,
that reproduces itself (with rotation and contraction) on
smaller and smaller scales. This can be seen upon magnifica-
tion on the bottom half of Fig. 11. On the upper trace notice



416 _ W. C. STRAHLE

the nearly straight-line segments that form a “V* on the left
third of the trace. This can be seen as a (rotated, smaller)
nearly inverted V on the magnified section. This behavior
would repeat upon further magnification since the curve
produced is really a self-affine fractal. The actual data curve is
only fractal-like between an upper and lower time scale. But
the picking of the data points ensures that the large scales are
reproduced; the fractal interpolation ensures that the interme-
diate scales behave with proper fractal-like behavior; and the
smaller scales are of little importance in the computation of
statistical moments. The reason the method works is that it
reproduces a roughness to the trace which increases the
number (and, therefore statistical confidence) of points near
the tail ends (and in the middle, for that matter) of the pdf.
It may be shown with standard statistical analysis tech-
niques that, if the fitting curve, yg,, consists of the true curve,
Yuue» PlUS a noise, v, where the noise is uncorrelated with the
true curve, there is a bias introduced into an estimate of the
variance of the fitted curve. That is, ’

e =(1-p?)/p?

This bias is highly sensitive to p. Notice in Table 1 that, as
decimation is increased and p drops, the estimated variance
increases over the true variance for the fractal fit.

It may also be shown, under the same assumption as that
given earlier, that an estimate of the variance may be calcu-
lated by (under relatively weak assumptions)?!

0h=0ine(1 +2%);

4 N
Varlog) = 3 [Riael®) + RED)

where R is the autocorrelation coefficient at a time delay of k&
data points, and now N is the number of fit points. What one
is trading off is a larger number of data points against some
noise. However, note that, when k is equal to the separation
between data or data and target points, the noise is zero by
construction, and this helps in accuracy.

Chaetic Dynamics

There is probably a deeper reason why the aforementioned
procedure appears to work well. All of the data traces pre-
sented are really fairly simple insofar as chaos theory is
concerned. That is, they are single-valued, aperiodic traces
with a fairly low fractal dimension. According to Ref. 22, one
should be able to model these traces with four to five delay
equations in the form of iterative maps. That is, if a time
delay © between points is appropriately chosen,?® it should be
possible to reconstruct the statistical properties of the original
curve by a set of equations of the form

vy =y; =f1(v2, 03, ..., ;)
=Y« =.f2(02, U3y eeny Uz)

U3=Yi_2 =f£§(02’ U3y ey vz)

UV, =)i——1n =f,(v3, 03, ..., V)

with a clever choice of (nonlinear) f. _
This view is reinforced when applying the procedure of Ref.
24 as a method of finding the minimum number of delay
equations needed. Shown in Fig. 13 is a calculation of the
eigenvalues of the covariance matrix of the data in Fig. 1b
using 10 values of the time delay 7. Here 7 is chosen as 50,
although a better estimate of an appropriate time delay may
have been obtained by the laborious computations introduced
in Ref. 23. The number of eigenvalues off of the noise floor
is an indicator of the number of delay equations, z, needed
to produce an adequate chaotic dynamic for the data. Here
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the number indicated is five. Although there may be some
limited forecasting ability of the generated analytical curve,?®
sensitivity to initial conditions will eventually destroy exact
agreement. Nevertheless, the statistical properties of the ex-
perimental curve should be produced. for all future times.?
The creation of the necessary fis almost an art form and has
not been attempted here. Nevertheless, in the cited references
there is ample evidence that a procedure could be imple-
mented to produce the desired result. '

Hidden Variable Fractal Interpolation

There was a problem earlier with the fractal interpolation
that all data sets would not produce a contractive mapping,
contractivity being necessary for the attractor to be useful
(and even exist). Moreover, the two-dimensional fractal graph
is self-affine and upon magnification produces pictures at
small time scales that are clearly not consistent with physics.
There is a way out of these two problems (the first being the
most2 important) by using hidden variable fractal interpola-
tion.”’

The method consists of adding a third dimension ,(¢;), and
placing any (although some may be better than others) curve
in this plane. Then, using the following affine maps for the ¢,
v, and u and the same random jumping between intervals n,
a curve in the y,r plane may be generated:

t a, 0 0 |¢ e,
yI =le di B )l¥y| +|/
U |new kn ln m, U Jold &n

All n-subscripted numbers in the 3 x 3 matrix must be chosen
so that the map is contractive, and there are restrictions on all
coefficients that are analogous to those used in the y-f map
given earlier [Eqs. (4)]. However, there are many more free
coefficients to be chosen by the practitioner to 1) produce any
fractal dimension desired in the y-z plane and (more impor-
tantly) 2) make any data set with a contractive map, still going
through all data and target points. That is, the aforemen-
tioned problem of some C, having magnitude greater that
unity can be avoided by choosing an appropriate background
function, u. The resulting y-t plot need not be fractal and
need not be self-affine.?’

There is another potential use for the hidden variable
technique in the construction of cross correlation between two
physical quantities of interest, say, turbulent shear stress and
heat transfer. Also say that one curve is well defined (as the
Rayleigh trace) and the other is not well sampled (as the
Raman trace). Yet presume there is a cross correlation be-
tween the two. If the well-sampled curve is placed in the
background, u, and the sparse points of the poorly sampled
curve is placed in the foreground, y, there is the possibility of
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Fig. 13 Eigenvalues, in increasing size (by number encountered), of the
covariance matrix of the time-delayed Rayleigh trace.
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creating a better cross correlation, from a statistical sense,
than from a sparse set of points, y,. Work on the hidden
variable technique will be reported upon in the future.

Conclusions

1) Many high-Reynolds-number turbulent combustion
flows have physical quantity measurement time series with
strong fractal-like properties. Quantification of the fractal
properties yields new visual insight into the data and can
indicate some new physical insight.

2) The distribution of fractal dimension in time along a
time series can be used as a discriminator for nonlinear
adaptive filtration, to remove unwanted noise from a signal
while retaining much information usually removed by ordi-
nary filtration even when adaptive and nonlinear.

3) The multifractal pdf introduced here appears to have
superior properties in discrimination between different types
of data traces compared with another type of multifractal
analysis called the “multifractal spectrum.” This conclusion is
not general, but only applies to the type of time series
investigated here with their digitization properties.

4) Fractal interpolation has been shown to be a valuable
tool in increasing statistical confidéence of moments of a data
pdf when the data are sparse or the data record is short. The
caveat is that neighboring data points must have some mean-
ingful correlation with each other.

5) There appears a natural connection between fractal
interpolation and chaotic dynamics whereby data may be
reconstructed and extrapolated by nonlinear maps. Future
work in this direction is warranted.

6) With the drawback of algebraic complexity there appear
advantages in pursuing multiple variable fractal interpolation
for both increasing flexibility in matching data and in con-
structing joint properties of data.
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